The Poisson effect describes the tendency of an elastic material stretched along one axis to deform along the transverse axes. Under applied extensional strain, biopolymer gels have been shown to exhibit an unusually large and nonlinear Poisson effect, with dramatic transverse contraction of order unity even for uniaxial extensions as small as a few percent. In the extracellular matrix, this effect can lead to localized fiber alignment and stiffening in collagen network regions between contractile cells. Recent work has shown that strain-stiffening in athermal subisostatic semiflexible polymer networks, such as collagen networks, represents a collective mechanical phase transition from a soft, bending-dominated regime to a stiff, stretching-dominated regime at a connectivitydependent critical strain. We show that this transition leads to anomalous nonlinear incremental Poissons ratios that peak in magnitude at the phase boundary, with concomitant divergent nonaffine strain fluctuations.
When an elastic body is subjected to an infinitesimal strain ε along one axis, the corresponding strain ε ⊥ in the transverse direction(s) defines Poisson's ratio ν = −ε ⊥ /ε [1, 2] . Although this ratio is constrained to the range ν ∈ [−1, 1/2] for isotropic materials in 3D, various biopolymer networks have been shown to exhibit large apparent Poisson's ratios, far in excess of 1/2, corresponding to an anomalous reduction in volume under uniaxial extension at strains of order a few percent [3] [4] [5] [6] [7] . It has been argued that this is related to the stiffening and other nonlinear phenomena in such networks [8] [9] [10] , although it remains unclear to what extent this anomaly is controlled by network architecture and filament properties. Here, we show that the anomalous Poisson's ratio coincides with a strain-controlled mechanical phase transition that is critical. This indicates a collective origin for the anomaly, along with a mechanical response that crosses over from a soft, bendingdominated regime to a stiff, stretching-dominated regime. We demonstrate that such networks exhibit rich critical behavior, including diverging fluctuations, in the vicinity of this transition. Our work highlights the influence of collective properties on the nonlinear mechanics of athermal networks and suggests that controlling connectivity could enable the design of tailored elastic anomalies in engineered fiber networks.
Fibrous biopolymer networks provide stability and elasticity to many living materials. When subjected to uniaxial extensional strain with free transverse boundaries, various examples of athermal fibrous networks including collagen [3, 7, 8] , fibrin [5, 7] , and felt [10] have been shown to exhibit dramatic transverse contraction consistent with an anomalously large incremental Poisson's ratio at small applied strains. This behavior has dramatic effects in living materials, such as the development of highly aligned, stiffened network regions between contractile cells in the extracellular matrix [3, 8, 11, 12] . This effect is a consequence of the fact that any tensile normal stress induced by longitudinal extension must be balanced by an outward normal stress contribution due to transverse compression [3, 10] . Since, in biopolymer networks, the tensile stress at the strain-stiffening transition is significantly larger in magnitude than the stresses induced by compression, the transverse compression required to balance the two contributions at the onset of stiffening is significant, resulting in a large incremental Poisson's ratio. Under applied extensional strain ε (red arrow) with free transverse strains, subisostatic (z < z c ) athermal fiber networks transition from a soft, bending-dominated regime (H ∝ κ, floppy in the limit of κ → 0) to a stiff, stretching-dominated regime (H ∝ µ) at a critical applied strain ε ,c (dotted line) that increases with decreasing z.
The incremental Poisson's ratiõ ν = −∂ε ⊥ /∂ε exhibits a peak at the critical strain, indicated by the dotted line. The black curve corresponds to 2D packing-derived networks withκ = 10 −5 and z = 3.2. Configurations for a sample periodic 2D packing-derived network under strains corresponding to the numbered points are shown in (c). Here, the black box represents the deformation of the initially square periodic boundaries. Bonds with increased thickness and blue hue are under greater tension f than the average tension, f .
Recent work has demonstrated that the strain-stiffening effect in crosslinked networks of stiff athermal semiflexible biopolymers, such as collagen, which can be modeled as elastic rods with bending modulus κ and stretching modulus µ, can be understood as a mechanical phase transition between a soft, bending-dominated regime and a stiff, stretching-dominated regime at an applied shear or extensional strain magnitude governed by the average network coordination number z [13] [14] [15] . Despite being athermal, such networks exhibit classical signatures of criticality near this transition, including power-law scaling of the elastic moduli with strain and system-size-dependent nonaffine (inhomogeneous) strain fluctuations indicative of a diverging correlation length [13, 14] . In the limit of κ → 0, stiffening corresponds to the rearrangement of the network to form a marginally stable, highly heterogenous network of branched force chains [16] similar to the force networks observed in marginal jammed packings under compressive or shear strain [17] [18] [19] . Prior work has considered this rigidity transition in networks under applied simple shear [13, 14, 20, 21] or bulk strain [15, 20, 21] , with quantitative agreement between shear experiments on collagen and simulations [22] .
We find that an analogous collective mechanical phase transition controls the mechanics of networks under uniaxial strain with free orthogonal strains. In athermal semiflexible polymer networks, strain-stiffening and the nonlinear Poisson effect occur at a critical extensional strain controlled by network connectivity, corresponding to a transition from a bending-dominated regime to one dominated by stretching. The expected phase diagram in connectivity-strain space is sketched in Fig. 1a . As applied strain drives a network to approach and cross the critical strain boundary, the network's mechanics become stretching-dominated and the resultant nonlinear strain-stiffening induces dramatic transverse contraction coinciding with a peak in the incremental Poisson's ratioν (see Fig. 1b ). Concurrent with this transition, the system exhibits nonaffine strain fluctuations which grow by orders of magnitude as criticality is approached (either by decreasing κ or approaching the critical strain). We demonstrate that this phenomenon occurs irrespective of the details of the underlying network structure, consistent with past observations of networks under simple shear [13, 16] . Our results suggest that the dramatic nonlinear Poisson effect observed in collagen and fibrin gels is macroscopic evidence of this critical rigidity transition.
Models-We consider 2D and 3D disordered networks comprising interconnected 1D Hookean springs with stretching modulus µ, in addition to bending interactions with modulus κ between selected adjacent bonds. To explore the influence of network structure on the strain-driven stiffening transition, we test a variety of network geometries, including Mikado networks [23] , jammed packing-derived networks in 2D and 3D (which we refer to as 2D PD and 3D PD networks) [16] , Voronoi networks in 3D [9] , and random geometric graph (RGG) networks in 3D [24] . Preparation of specific network structures is discussed in Supplementary Material. For an arbitrary network configuration, the total network Hamiltonian H = H s + H b consists of a stretching contribution,
in which the sum is taken over connected node pairs i j, i j is the length of the bond connecting nodes i and j, and i j,0 is the corresponding rest length, as well as a bending contribution,
in which the sum is taken over connected node triplets i j k, θ i jk is the angle between bonds i j and j k, θ i jk,0 is the corresponding rest angle, and i jk,0 = ( i j,0 + jk,0 )/2. For Mikado networks, which we designate to have freely hinging crosslinks, the sum in Eq. 2 is taken only over consecutive node triplets along initially collinear bonds. Following prior work, we set µ = 1 and vary the dimensionless bending rigidityκ = κ/(µ 2 c ) [16, 25] , where c is the average bond length. All network models utilize generalized Lees-Edwards periodic boundary conditions [16, 26] , which specify that the displacement vectors between each network node and its periodic images transform according to the deformation gradient tensor Λ, while the relative positions of nodes within the network are unconstrained. We consider purely extensional applied strain, such that the deformation gradient tensors in 2D and 3D are of the form
The normal stress components σ ii are computed as σ ii = (∂H /∂ε i )/V, where ε i is the strain along the i-axis relative to the initial configuration and V is the system's volume. Unless otherwise stated, all curves correspond to an average over 15 samples.
To measure the nonlinear Poisson effect, we apply quasistatic longitudinal extensional strain ε ≡ ε 1 in small increments δε = ε ,n − ε ,n−1 and, at a given strain, first allow the system to reach mechanical equilibrium by minimizing the network's Hamiltonian using the L-BFGS algorithm. After each extensional strain step, we simulate free transverse boundaries by incrementally varying the transverse strain(s) ε 2 (and ε 3 in 3D) in order to reduce the corresponding transverse normal stress component(s) to zero. In other words, to relax the stress along the i-axis, we determine the appropriate value of ε i for which |∂H /∂ε i | ≈ 0 using gradient descent. In 2D the single transverse strain is ε ⊥ ≡ ε 2 , whereas in 3D the stresses along the two transverse axes are relaxed independently and we define the transverse strain, for the purposes of computing the incremental Poisson's ratio, as ε ⊥ ≡ (ε 2 + ε 3 )/2. For sufficiently large orientationally isotropic network models, ε 2 and ε 3 are equivalent. The differential Young's modulusẼ is computed asẼ = ∂σ /∂ε .
Results-Subisostatic athermal networks undergo a transition from a bending-dominated regime to a stiff stretchingdominated regime at a critical applied shear or extensional strain [27, 28] . Recent work showed that athermal networks under extensional strain with free transverse strains, which we consider in this work, undergo a similar transition from a bending-dominated to stretching-dominated regime corresponding with strain-stiffening [9] . To examine the influence of bending rigidity on this transition, we first consider 2D packing-derived networks with fixed connectivity z = 3.2 < z c and varying reduced bending rigidityκ. In Fig. 2a , we plot the relaxed transverse strain ε ⊥ as a function of applied longitudinal extensional strain ε , with the corresponding incremental Poisson's ratioν = −∂ε ⊥ /∂ε shown in Fig. 2b . The fraction of the total network energy due to bending interactions H b /H as a function of strain is shown in Supplementary Material. Networks with highκ deform approximately linearly up to relatively large applied strains, with minimal strain-dependence ofν. In contrast, networks with lowκ exhibit similar linear deformation (withν < 1) in the limit of small applied strain, but under increasing applied strain these undergo a transition to a much stiffer stretching-dominated regime, resulting in significant transverse contraction and thus a very large apparent Poisson's ratio. At larger strains, within the stretching-dominated regime, the networks again deform approximately linearly with an incremental Poisson's ratiõ ν < 1. The transition occurs at a critical applied extension ε c , which we define as the strain corresponding to the inflection point in the ε ⊥ vs. ε curve as κ → 0. By definition, this inflection point corresponds to a peak in the incremental Poisson's ratioν, which grows with decreasingκ.
This unusual nonlinear Poisson effect results from the asymmetric nonlinear mechanical behavior of these materials, i.e. the fact that they stiffen dramatically under extensional strain but not under compression [3, 10] . Compressing a semiflexible polymer network induces normal stresses proportional to the bending rigidity κ of the constituent polymers, whereas sufficient extension induces normal stresses proportional to the polymer stretching modulus µ [27] . An athermal network under uniaxial extension with fixed transverse boundaries will exhibit an increase in the magnitude of its normal stresses from σ ii ∝ κ to σ ii ∝ µ at the critical strain, both along the strain axis (σ ) and the transverse axes (σ ⊥ ). Relaxing the transverse boundaries to satisfy σ ⊥ = 0 requires contracting the network along the transverse axes sufficiently to balance the (inward-pointing) stiff stretching contributions proportional to µ to the normal stress with (outward-pointing) softer contraction-induced contributions, always proportional to κ. Transverse contraction also reduces the length of the network along the transverse directions which additionally reduces the stretching-induced contributions. The amount of required transverse contraction thus increases with the amount of stiffening (e.g decreasing κ relative to µ requires more transverse contraction at the critical strain). Any material that becomes stiffer under extension than it does under compression should exhibit the same nonlinear Poisson's contraction effect with a peak in the incremental Poisson's ratio.
Past work showed that athermal networks under applied shear strain exhibit diverging nonaffine strain fluctuations at the critical strain, in the limit ofκ → 0, indicative of a diverging correlation length [13, 14, 29] . Concurrent with the strain- driven transition in this work, we observe similarly large internal strain fluctuations. We use an analogous measure of the same strain fluctuations for the deformation gradient tensor defined in Eq. 3. For the nth strain step, the incremental applied extensional strain δε = ε ,n − ε ,n−1 and relaxation of the transverse strain(s) transforms the deformation gradient tensor (i.e. the extensional strains defining the periodic boundary conditions) from Λ n−1 to Λ n , with additional internal rearrangement of the network nodes to achieve force balance. We compute the resulting differential nonaffinity δΓ as
in which the average is taken over all nodes i, c is the initial average bond length, δu i = u i,n − u i,n−1 is the actual displacement of node i after the extensional strain step and transverse strain relaxation, and δu aff i is the displacement of node i corresponding to an affine transformation from the previous configuration at strain state Λ n−1 to the new strain state Λ n . Consistent with prior work examining networks under shear strain [14] , we find that increasingκ results in increasingly affine deformation (decreasing δΓ), whereas in the low-κ limit we observe a peak in δΓ at the critical strain which grows with decreasingκ (see Fig. 2c ).
For athermal subisostatic networks under applied simple shear strain, the critical strain is governed by the average network connectivity z [13, 29, 30] , with the critical strain decreasing to zero as z approaches the Maxwell isostatic value z c = 2d , where d is the dimensionality [31] . As our hypothesized phase diagram suggests (see Fig. 1a ), we expect z to control the critical strain for networks under extensional strain with free orthogonal strains as well. In Fig. 3 , we plot the incremental Poisson ratioν as a function of ε for several network geometries in 2D and 3D with varying z. While the precise location of the critical strain for a given connectivity is sensitive to the choice of network structure, we find that all networks tested show the same qualitative behavior, i.e. that increasing the connectivity results in a decrease in the critical strain ε ,c , consistent with the proposed phase diagram. The inflection point in each ε ⊥ vs. ε curve corresponds to a peak inν. The critical applied strain ε ,c at which this inflection point occurs increases with decreasing z.
We also explicitly map out a phase diagram for packingderived networks. In Fig. 4a , we plot both the incremental Poisson's ratioν and differential nonaffinity δΓ for 2D PD networks as a function of applied strain over a range of z values from 3 up to the 2D isostatic point, z c = 4. Both quantities become maximal at a critical strain that decreases to approximately 0 as z → z c . We plot the corresponding differential Young's modulusẼ = ∂σ /∂ε as a function of z and ε in Fig. 4b , demonstrating that the transition of the network from the soft, bending-dominated regime (Ẽ ∝ κ) to the stiffer, stretching-dominated regime (Ẽ ∝ µ) coincides with peaks in both the incremental Poisson's ratio and the differential nonaffinity (Fig. 4a) . We find that the differential Young's modulus scales as a power lawẼ ∝ ε − ε ,c f above the critical strain (see Supplementary Material).
Conclusions-We have demonstrated that the nonlinear Poisson effect observed in athermal subisostatic semiflexible polymer networks can be understood as a consequence of a collective mechanical phase transition. The large incremental Poisson's ratios observed in such networks are a direct consequence of their highly asymmetric material properties -i.e., that they stiffen dramatically under extension but not under compression, as conceptually discussed in Refs. [10] and [3] . Under uniaxial load with free transverse boundaries, the network must contract in the transverse direction dramatically to balance the horizontal component of the stiffer contractile (negative) normal stress that arises due to the uniaxial extension with softer compression-induced (positive) normal stress. In the case of an athermal fiber network such as collagen, these transverse contractile stresses increase dramatically once the network has been deformed to a connectivity-controlled critical extensional strain, at which the network collectively rearranges to transition from a soft, bending-dominated regime to a stiff, stretching-dominated regime. By studying this effect in simple linear spring networks with weak bending interactions, we have highlighted the importance of collective network mechanics in controlling the nonlinear behavior of athermal semiflexible polymer networks and shown that the peak in the incremental Poisson's ratio observed in experiments is indicative of a mechanical phase transition. In particular, we have shown that the connectivity-strain framework used previously for networks subject to shear strain can be equally illustrative for understanding the mechanics of networks under extensional strain with free boundaries.
It is important to note that this effect is inherently asymmetric: whereas applying longitudinal uniaxial extension to a network will result in dramatic transverse contraction once the network reaches the critical strain, applying significant transverse compression will not induce comparable longitudinal extension. Only applied extensional or shear strain can induce a bending-to-stretching transition.
We note that while some prior experiments have shown evidence of collagen gels, with z < 4, showing anomalous Poisson ratios at strains of order 10% or lower [3, 7] , in our 3D models this typically occurs at larger strains for comparable values of z. One possible explanation for this is that experimental gels may be under nonzero prestress (e.g. the actual network may be under some bulk expansion in the reference state). Any extensional prestrain, such as bulk expansion, would decrease the apparent critical strain, but the qualitative behavior would be exactly the same so long as the prestrain is not large enough to drive the network into the stretchdominated regime.
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Supplementary Material I. Network generation
Mikado networks [23, 32] are prepared by depositing fibers of length L with random locations and orientations into a 2D periodic square unit cell of side length W and adding freely hinging crosslinks at all fiber intersections. We use L = 4 and W = 30 and continue depositing fibers until the average coordination number, after the removal of dangling ends, is z ≈ 3.6. This yields an average crosslink density of L/ c ≈ 11, where c is the average distance between crosslinks. To achieve lower average coordination numbers as shown in Fig. 3 , we randomly remove bonds and dangling ends until the desired z is reached. We impose a minimum segment length min = W/1000.
2D and 3D packing-derived networks are prepared as in prior work [16] . For 2D PD networks, we randomly place N = W 2 radially bidisperse disks with r ∈ {r 0 , φr 0 } in a periodic square unit cell of side length W and incrementally increase r 0 from 0, allowing the system to relax at each step, until the packing becomes isostatic and develops a finite bulk modulus. We use φ = 1.4 to avoid long-range crystalline order [33] . At this point, we generate a contact network between overlapping disks. For 3D PD networks, we follow the same procedure beginning with N = W 3 radially bidisperse spheres, also with r ∈ {r 0 , φr 0 } and φ = 1.4, in a periodic cubic unit cell of side length W. We use W = 20 in 3D and W = 100 in 2D. For sufficiently large systems, this yields a contact network with z ≈ 2d [34] [35] [36] . After generating the initial network, we randomly remove bonds and dangling ends until the desired z is reached.
We generate 3D Voronoi networks by randomly distributing N seed points in a periodic cubic unit cell of side length W, from which we generate a Voronoi diagram using the CGAL library [37] . We choose N so that the final network will have roughly W 3 nodes for consistency with our other 3D models, and use W = 15. These have initial average coordination z = 4.
Three-dimensional random geometric graph (RGG) models have been shown to capture the micromechanics of collagen and fiber networks [24] . Following Ref. [24] , we generate RGGs of N = W 3 vertices in a periodic box of side length W, where each pair of nodes is connected with probability P c ∝ e − /L / 2 , where is the distance between two vertices and L = 1 is the length scale of a typical bond. We impose a minimum bond length of min = 0.5. We generate RGG networks with W = 20 and initial average coordination number z = 4, which we further dilute to the desired z by randomly removing bonds and dangling ends.
II. Midpoints
The amount of contraction induced by the onset of stiffening depends on the compressibility of the network. Mikado and 2D PD networks with relatively high values of z exhibit less dramatic contraction upon transitioning to the stretchingdominated regime than the same network types with lower z. This is a result of the fact that more dilute (lower z) networks have fewer highly connected regions within them and are thus less resistant to compression than more highly connected networks. To verify that this is the case, in Fig. 5 , we consider the same Mikado structures as in Fig. 3 , in which we have now added a midpoint hinge to each bond in order to allow the buckling of individual bonds with the same bending energy penalty as is used between adjacent bonds. While the location of the transition in strain is still controlled by connectivity, networks with midpoints contract more dramatically at the critical strain than those without midpoints (for fixed κ), with larger corresponding peaks inν. This is because the normal stress induced by transverse compression in networks with midpoints is strictly proportional to κ, whereas in networks without midpoints there can be additional, stronger contributions (∝ µ) from locally stiff regions at large compression levels. 
III. Energy contributions for networks with fixed z and varying κ
In Fig. 6 , we plot the bending energy fraction for a 2D packing-derived network with varyingκ. In the low-κ limit, we observe a clear transition from a bending-dominated to stretching-dominated regime at the critical strain, corresponding to the maximum value of the incremental Poisson's ratiõ µ. 
IV. Critical scaling
For subisostatic networks in the limit of small applied strain ε , the differential Young's modulusẼ = ∂σ /∂ε is proportional to the bending rigidityκ. Above the critical applied strain ε ,c ,Ẽ is independent ofκ and scales as a power law with respect to the distance (along the strain axis) to the critical strain, i.e.Ẽ ∝ |∆ε | f , where ∆ε = ε − ε ,c . Following prior work [13] , we can capture both regimes with the scaling formẼ
in which the scaling function G ± has branches corresponding to positive and negative values of ∆ε , and the factor V/V 0 corrects for the apparent change inẼ due to the change in the system's volume V from the initial volume V 0 . In Fig. 7a , we show stiffening curves for a large packing-derived network with varyingκ and demonstrate scaling collapse according to the above scaling form with f = 0.55 and φ = 2.5 (see Fig.  7b ). Recent work described a hyperscaling relation between f , the dimensionality d, and the correlation length exponent ν, [16] 
and predicted that, at the critical strain, the differential nonaffinity should scale with system size W as
Determining ν from Eq. 6 using d = 2 and f = 0.55 (from the prior scaling collapse ofẼ), we observe good agreement between measured values of max(δΓ) and the predicted scaling of the differential nonaffinity with system size (see Fig. 8 ). In the low-κ limit, the magnitude of the differential nonaffinity at the critical strain, max(δΓ), grows with increasing system size W as max(δΓ) ∝ W (φ− f )/ν (solid line), with f = 0.55 and φ = 2.5 obtained from the scaling collapse of the differential Young's modulus and ν = ( f + 2)/d with dimensionality d = 2, as derived in Ref. [16] . These data correspond to averages over 2D packing-derived networks with z = 3.2 andκ = 10 −6 .
